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Let U(n, k) be the set of unicyclic graphs with n vertices and k pen-
dant vertices. In this paper, we determine the unique graph with
theminimal least eigenvalue among all graphs in U(n, k). The work
is relatedwith that of Guo [S.G. Guo, The spectral radius of unicyclic
and bicyclic graphs with n vertices and k pendant vertices, Linear
Algebra Appl. 408 (2005) 78–85], which determined the unicyclic
graph with the maximal spectral radius in U(n, k). We can observe
that the extremal graph on the least eigenvalue is different from
that on the spectral radius.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
All graphs considered here are simple and undirected. The distance between vertices u and v of a
graph G is denoted by dG(u, v). The vertex set and edge set of a graph G are denoted by V(G) and E(G),
respectively. For S ⊆ V(G), let G[S] be the subgraph induced by S. The degree of a vertex v, written by
dG(v) or d(v), is the number of edges incident with v. A pendant vertex is a vertex of degree 1. The set
of the neighbors of a vertex v is denoted by NG(v) or N(v). The girth g(G) of a graph G is the length of
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Fig. 1. GuwH and GvwH.
the shortest cycle in G, with the girth of an acyclic graph being inﬁnite. Denote by Cn and Pn the cycle
and the path, respectively, each on n vertices.
Let A(G) or A be the adjacency matrix of a graph G. Since A is symmetric and real, the eigenvalue of
A, i.e., the zeros of the characteristic polynomial P(G, λ) = det(λI − A), can be arranged as follows:
λ1(G) λ2(G) · · · λn(G).
Since G is connected, then A is irreducible non-negative and by Perron-Frobenius Theorem, the
spectral radius ρ(G) = λ1(G) is simple and has a unique positive eigenvector. Wewill refer to such an
eigenvector as the Perron vector ofG. For convenience, denote λn(G) by λ(G). Let X be a unit vector, by
the Rayleigh-Ritz Theorem, λ(G) = min XTA(G)X. It is known [3] that λ(G) = −ρ(G) for a bipartite
graph G.
The investigation on the lower bound of the least eigenvalue of a graph is an important topic in the
theory of graph spectra (see [1,2,4,7,10]). This paper focuses on the least eigenvalue of unicyclic graphs.
A connected graph is said to be unicyclic, if it has the same number of vertices and edges. Let U(n, k)
be the set of unicyclic graphs with n vertices and k pendant vertices. k paths Pl1 , Pl2 , . . . , Plk are said to
have almost equal lengths if l1, l2, . . . , lk satisfy |li − lj| 1 for 1 i, j k. In [5], Guo characterized the
graphU ∈ U(n, k)with themaximal spectral radius, whereU ∼=Δkn is the graph on n vertices obtained
from C3 by attaching k paths of almost equal lengths at one vertex.
Theorem 1.1. Let U∗ have the minimal least eigenvalue in U(n, k), andkn be the graph obtained from C4
by attaching k paths of almost equal lengths at one vertex. ThenU∗ ∼=kn for 1 k n − 4 andU∗ ∼=Δn−3n
for k = n − 3.
2. Preliminaries
Before providing the proof of Theorem 1.1, we have to introduce some lemmas in this section.
Let G, H be two disjoint connected graphs with u ∈ V(G) and w ∈ V(H), we denote by GuwH the
graph obtained from G and H by identifying uwith w (see Fig. 1).
Lemma 2.1 [4]. Let G, H be two disjoint nontrivial connected graphs with u, v ∈ V(G) and w ∈ V(H). Let
X be a unit eigenvector corresponding to λ(GuwH). If |xu| |xv|, then
λ(GuwH) λ(GvwH).
The equality holds if and only if X is also an eigenvector corresponding to λ(GvwH), xu = xv and∑
i∈NH(w) xi = 0.
Let G be a connected graph with uv ∈ E(G). We denote by Guv the graph obtained from G by
subdividing the edge uv, that is, introducing a new vertex on the edge uv. A walk v1v2 · · · vk (k 2) in
a graphG is called an internal path, if these k vertices are distinct (except possibly v1 = vk), dG(v1) > 2,
dG(vk) > 2 and dG(v2) = · · · = dG(vk−1) = 2 (unless k = 2). Let Wn (n 6) be the graph obtained
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from a path v1v2 · · · vn−4 by attaching two pendant vertices to v1 and another two to vn−4. Hoffman
and Smith showed the following result.
Lemma 2.2 [6]. Let G be a connected graph with uv ∈ E(G). If uv belongs to an internal path of G and
GWn, then ρ(Guv) < ρ(G).
Lemma2.3 [9].Letu, vbe twodistinct verticesof a connectedgraphG, {vi|i = 1, 2, . . . , s} ⊆ NG(v)\NG(u),
and X = (x1, x2, . . . , xn)T be the Perron vector of G. Let G∗ = G −∑si=1 viv +∑si=1 viu. If xu  xv, then
ρ(G) < ρ(G∗).
Lemma 2.4. Let f1(x) = x, fi(x) = x − 1fi−1(x) , i 2. For x−2, then we have
(i) fi(x) < −1, i.e. |fi(x)| > 1.
(ii) |fi(x)| > |fi+1(x)|.
Proof. In order to prove this result, we employ the induction on i. For x−2,
If i = 1, then we have f1(x) = x and f2(x) = x − 1x . It is easy to show that f1(x) = x < −1 and|f1(x)| > |f2(x)|.
Now suppose that the result holds for i (i 1). Consider the case i + 1, then we have
fi+1(x) = x − 1
fi(x)
< x + 1−1;
and
|fi+2(x)| − |fi+1(x)| = 1|fi(x)| −
1
|fi+1(x)| < 0.
The result follows. 
Lemma 2.5. Let v0 be a vertex of a connected graph G with at least two vertices. Let Gl (l 1) be the graph
obtained from G by attaching a new path P : v0v1 · · · vl of length l at v0,where v1, . . . , vl are distinct new
vertices (see Fig. 2). Let X be a unit eigenvector of λ(Gl). If λ(Gl)−2, then we have
(i) xvi = fl−i(λ)xvi+1(0 i l − 1),where fi(x) is a functiononx deﬁned in Lemma2.4andλ = λ(Gl).
(ii) For any ﬁxed i(i = 0, 1, . . . , l − 1), we have |xvi+1 | |xvi | and xvi xvi+1  0, with equalities if and
only if xv0 = 0.
Proof. From A(Gl)X = λ(Gl)X = λX , we have
λxvl = xvl−1 ,
and
λxvi = xvi−1 + xvi+1 , i = 1, 2, . . . , l − 1.
By the above two equations, it is easy to show that (i) holds. Now we prove that (ii) holds.
Since λ(Gl)−2, then by Lemma 2.4, fi(λ) < −1. Hence, from (i), we have if xvi+1 /= 0, then
|xvi+1 | < |xvi |, xvi xvi+1 < 0, i = 0, 1, . . . , l − 1.
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Also from (i), we have
xv0 = fl(λ)xv1
= fl(λ)fl−1(λ)xv2
= · · ·
= fl(λ)fl−1(λ) · · · f2(λ)f1(λ)xvl .
Thus we have xv0 = 0 if and only if xv1 = xv2 = · · · = xvl = 0. We complete the proof of (ii). 
Lemma 2.6. Let A be an n × n real symmetric matrix and λ be the least eigenvalue of A. X ∈ Rn is a unit
vector. If λ = XTAX , then AX = λX.
Proof. Since A is real and symmetric, all of its eigenvalues are real. Assume, without loss of generality,
that they are ordered in non-increasing order: λ1  λ2  · · · λn = λ. Suppose Xi is a unit eigen-
vector associated with λi (i = 1, 2, . . . , n) and XTi Xj = 0 (i /= j). Then Xi (1 i n) form a standard
orthogonal basis ofRn. Since X is a unit vector, X can be written as
X =
n∑
i=1
aiXi (ai ∈ R),
n∑
i=1
a2i = 1.
Thus
λ = XTAX =
n∑
i=1
n∑
j=1
aiajX
T
i AXj =
n∑
i=1
a2i λi  λ
n∑
i=1
a2i = λ.
This implies that either ai = 0 or λi = λ for each i. Therefore, X is a linear combination of some
eigenvectors corresponding to λ.
Lemma 2.7 [8]. Let v be a vertex in a connected graph G and suppose that two new paths P : vv1v2 · · · vk
and Q : vu1u2 · · · um of length k,m (km 1) are attached to G at v, respectively, to form a new graph
Gk,m,where v1, v2, . . . , vk and u1, u2, . . . , um are distinct new vertices. Then for any λ ρ(Gk,m),we have
P(Gk+1,m−1, λ) > P(Gk,m, λ).
In particular,
ρ(Gk,m) > ρ(Gk+1,m−1).
3. Characterization of the extremal graph
Let U∗ have the minimal least eigenvalue in U(n, k), andkn ∈ U(n, k). Note thatkn is a bipartite
graph, hence λ(U∗) λ(kn) = −ρ(kn) < −ρ(C4) = −2. First, we consider the case k = n − 3.
Lemma 3.1. Let U∗ have the minimal least eigenvalue in U(n, n − 3), then U∗ ∼=Δn−3n .
Proof. For any U ∈ U(n, n − 3), the unicyclic graph U is obtained from C3 by adding some pendant
edges to its vertices. Suppose that U∗Δn−3n , then there exist two vertices u, v on C3 in U∗, which
have k1, k2 pendant edges, respectively. Let X be a unit eigenvector of U
∗ corresponding to λ(U∗),
we can assume that |xu| |xv|. Then by Lemma 2.1, λ(U∗) λ(U0), where U0 is obtained from U∗
by shifting k2 pendant edges from vertex v to vertex u. If the equality holds, by Lemma 2.1, xu = xv,
and
∑
i∈S xi = 0, where S is the set of pendant vertices adjacent to v in U∗. Note that every xi has the
same value, hence has value 0, by Lemma 2.5 and AX = λ(U∗)X , we can know that X is a zero vector,
a contradiction. Thus there exists U0 ∈ U(n, n − 3) such that λ(U∗) > λ(U0), a contradiction. 
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Fig. 3. Two classes of graphs in U(n, k) with girth g.
Next we focus on the case 1 k n − 4.
Lemma 3.2. For any graph U ∈ U(n, k), there exists a graph U1 ∈ U1(n, k) ∪ U2(n, k)(l 1) (see Fig. 3)
such that λ(U) λ(U1).
Proof. Let Cg be the unique cycle in U, where V(Cg) = {v0, v1, . . . , vg−1}. The unicyclic graph U can
be viewed as planting some tree Ti at vertex vi, where 0 i g − 1. The vertex vi is called the root
of Ti, or the root-vertex of U. Let X be a unit eigenvector of U corresponding to λ(U). Without loss
of generality, let |xv0 | = max{|xvi ||0 i g − 1}. Let U0 be the graph obtained from Cg by planting
T0, T1, . . . , Tg−1 at vertex v0 to form a new big tree T with root v0, where d(v0) 3. From a repeated
use of Lemma 2.1, we have λ(U) λ(U0). Consider the graph U0, let t be the cardinality of the vertices
whose degrees are no less than 3 in V(T) \ {v0} and X′ be a unit eigenvector corresponding to λ(U0),
and now we distinguish the following three cases:
Case 1. t = 0. In this case, U1 = U0 ∈ U1(n, k), and λ(U0) = λ(U1).
Case 2. t = 1.We can assume that there exists one vertex v ∈ V(T) \ {v0}with d(v) 3 inU0, then
there is a unique path with the length at least 1 joining v0 and v.
Case 2.1. d(v0) 4. Denote N(v0) = {w1,w2,w3, . . . ,wp}, and N(v) = {z1, z2, z3, . . . , zq}. Assume
that w1, z1 belong to the path joining v0 and v, and that w3,w4 belong to Cg . Deﬁne
U1 =
{
U0 − {vz3, . . . , vzq} + {v0z3, . . . , v0zq} if |x′v0 | |x′v|;
U0 − {v0w3, v0w4, . . . , v0wp} + {vw3, vw4, . . . , vwp} if |x′v0 | < |x′v|.
Then in either case, U1 ∈ U1(n, k) and by Lemma 2.1, λ(U0) λ(U1).
Case 2.2. d(v0) = 3. In this case, U1 = U0 ∈ U2(n, k), and λ(U0) = λ(U1).
Case 3. t > 1. Suppose that u, v ∈ V(T) \ {v0} are two vertices ofU0 whose degrees are 3 or greater,
and |xu| |xv|. Since T is a tree, there is a path between u and v and only one neighbor of v, say w,
is on the path. Assume {v1, v2, . . . , vdv−2} ⊂ N(v) \ {w}. Delete the edges (v, vi) and add the edges
(u, vi)(1 i dv − 2), then we get a new unicyclic graph U′1.Obviously U′1 still has k pendant vertices.
ByLemma2.1,wehaveλ(U0) λ(U′1)and thecardinalityof theverticesofdegree3orgreaterdecreases
to t − 1.
If t − 1 > 1, toU′1 repeat the above step until the cardinality is only one. Sowe get unicyclic graphs
U′2,U′3, . . . ,U′t−1,
and
λ(U′1) λ(U′2) · · · λ(U′t−1).
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Fig. 4. Two classes of graphs in U(n, k) with girth 3.
Moreover, each U′i has k pendant vertices. Refer to case 2, we have U1 ∈ U1(n, k) ∪ U2(n, k) and
λ(U′t−1) λ(U1). By the above cases, we complete the proof. 
Lemma 3.3. Let U∗ have the minimal least eigenvalue in U(n, k), where 1 k n − 4, then g(U∗) 4.
Proof. By Lemma 3.2, we may assume without loss of generality that U∗ ∈ U1(n, k) ∪ U2(n, k). Let Cg
be the unique cycle in U∗. Suppose that g(U∗) 5. To obtain a contradiction, it sufﬁces to ﬁnd a graph
U ∈ U(n, k) such that λ(U∗) > λ(U).
For odd g(U∗), there is at least a vertex u with degree 2 in V(Cg). Let u−uu+ be a path containing
u. And let U be the graph obtained from U∗ by substituting the path u−uu+ with an edge u−u+ and
attaching a pendant edge to a pendant vertex of U∗, then U ∈ U(n, k) and U is bipartite. By Lemma
2.2, ρ(U∗) < ρ(U). Thus
λ(U∗)−ρ(U∗) > −ρ(U) = λ(U).
For even g(U∗), there must exist two consecutive vertices u, vwith degrees 2 in V(Cg). Let u−uvv+
be a path containing uv. And let U be the graph obtained from U∗ by substituting the path u−uvv+
with an edge u−v+ and attaching a path with length 2 to a pendant vertex of U∗, then U ∈ U(n, k) and
U is bipartite. By Lemma 2.2, ρ(U∗) < ρ(U). Thus
λ(U∗)−ρ(U∗) > −ρ(U) = λ(U).
This completes the proof. 
Lemma 3.4. Let U∗ have the minimal least eigenvalue in U(n, k),where 1 k n − 4, then g(U∗) /= 3.
Proof. Suppose that g(U∗) = 3. According to Lemma 3.2, we may assume without loss of generality
thatU∗ ∈ U3(n, k) ∪ U4(n, k) (seeFig. 4). It sufﬁces toﬁndagraphU ∈ U(n, k) such thatλ(U∗) > λ(U).
Let X be a unit eigenvector corresponding to λ(U∗). Since λ(U∗) < −2 /= −1, then xu = xv.
From A(U∗)X = λ(U∗)X and Lemma 2.5(i), it is easy to know that xu, xv0 , xvl /= 0. (Otherwise, a
contradiction, since X is a eigenvector.) Now we distinguish the following two cases:
Case 1. U∗ ∈ U3(n, k).
Case 1.1. There exists a pendant vertex s in U∗ such that dU∗(s, v0) is even, then by Lemma 2.5,
xv0xs > 0. Also since (λ(U
∗) − 1)xv = xv0 , then xvxs < 0. Let U = U∗ − uv + vs, clearly, U ∈ U(n, k)
and λ(U∗) > λ(U), since xuxv > 0.
Case 1.2. For any pendant vertex t in U∗, dU∗(t, v0) is odd. Since k n − 4, then there must exist a
pendant path Ps+1 : v0v1 · · · vs with length s 3. Similar to Case 1.1, we have xvxs > 0. And next we
will show that |xs| < |xu|. Next, for convenience, let λ(U∗) = λ. By Lemma 2.5, we have
xv0 = fs(λ)fs−1(λ) · · · f1(λ)xs,
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and
xv0 = (λ − 1)xu.
By Lemma 2.4, fi(λ) < −1, hence
|xv0 | = |fs(λ)fs−1(λ) · · · f1(λ)||xs|
	< |f3(λ)f2(λ)f1(λ)||xs|
= |λ3 − 2λ||xs|.
Since λ < −2, then |λ3 − 2λ| > |λ − 1|, and we have |xs| < |xu|. Let U = U∗ − uv + vs, clearly,
U ∈ U(n, k) and λ(U∗) > λ(U), since xuxv > xvxs > 0.
Case 2. U∗ ∈ U4(n, k).
Deﬁne a new vector Y from X as follows: yi = (−1)dU∗ (i,v0)|xi| for each vertex i ∈ V(U∗). Clearly,
YTA(U∗)Y  XTA(U∗)X = λ(U∗), then YTA(U∗)Y = λ(U∗), by Lemma 2.6, Y is also a unit eigenvector
of λ(U∗). Clearly, yu = yv and yu, yv0 , yvl /= 0. Let Pl+1 : v0v1 · · · vl−1vl be the unique path between
v0 and vl , where l 1.
Case 2.1. |yv0 | |yvl |. Denote N(vl) = {w1,w2, . . . ,wk , vl−1}, and deﬁne U0 = U∗ − vlw2 − · · · −
vlwk + v0w2 + · · · + v0wk , clearly, U0 ∈ U3(n, k). By Lemma 2.1, λ(U∗) λ(U0). Combining Case 1,
there exists U ∈ U(n, k) such that λ(U0) > λ(U).
Case 2.2. |yv0 | < |yvl |.
Case 2.2.1. dU∗(v0, vl) is even. By the deﬁnition of Y , yvyv0 < 0 and yvyvl < 0. Let U = U∗ − vv0 +
vvl , clearly, U ∈ U(n, k) and λ(U∗) > λ(U).
Case 2.2.2. dU∗(v0, vl) is odd. Deﬁne a new vector Z from Y as follows: zv = −yv and zi = yi, i ∈
V(U∗) \ {v}. Let U = U∗ − vv0 + vvl , clearly, U ∈ U(n, k). And
λ(U∗) − λ(U)  YTA(U∗)Y − ZTA(U)Z
= 2(y2v + yv0yv + y2v + yvl yv)
> 2|yv|(|yvl | − |yv0 |)
> 0.
By the above cases, we complete the proof. 
Let U∗(n, k) be the set of unicyclic graphs in U(n, k) which have girth 4. According to Lemmas 3.3
and3.4, the extremal graphU∗ has girth 4, i.e.U∗ ∈ U∗(n, k). Note thatλ(G) = −ρ(G) for anybipartite
graph. Thus the problemminimizing the least eigenvalue in U(n, k) is equivalent to that ofmaximizing
the spectral radius in U∗(n, k). Letkn ∈ U∗(n, k) be the graph obtained from C4 by attaching k paths
of almost equal lengths at one vertex.
Lemma 3.5. Let U∗ have the maximal spectral radius in U∗(n, k), where 1 k n − 4, then U∗ ∼=kn.
Proof. Note thatU∗ is a bipartite graph, according to Lemma3.2,wemay assumewithout loss of gener-
ality thatU∗ ∈ U∗1 (n, k) ∪ U∗2 (n, k) (see Fig. 5). For anyU2 ∈ U∗2 (n, k), letU1 be the graphobtained from
U2 by contracting the internal pathPl+1 : v0v1 · · · vl−1vl (l 2) andattaching thepathPl : v1 · · · vl−1vl
to a pendant vertex of U2, clearly, U1 ∈ U∗1 (n, k), and by Lemma 2.2, ρ(U1) > ρ(U2). When l = 1,
suppose thatU∗ ∈ U∗2 (n, k). DenoteN(v1)\{v0} = {w1,w2,w3, . . . ,wk}, and letX beaunit eigenvector
of U∗ corresponding to ρ(U∗), if xv0  xv1 , deﬁne U1 = U∗ − {v1w2, . . . , v1wk} + {v0w2, . . . , v0wk},
clearlyU1 ∈ U∗(n, k), andby Lemma2.3,ρ(U1) > ρ(U∗), a contradiction.Otherwise, xv0 < xv1 , deﬁne
U2 = U∗ − v0u + v1u, where u ∈ N(v0) (see Fig. 5), by Lemma 2.3, ρ(U2) > ρ(U∗). Let U1 be the
graph obtained from U2 by substituting the path v1uvwith an edge v1v and attaching a pendant edge
to a pendant vertex of U2, then U1 ∈ U∗(n, k), and by Lemma 2.2, ρ(U1) > ρ(U2), a contradiction.
Hence U∗ ∈ U∗1 (n, k). From a repeated use of Lemma 2.7, we have U∗ ∼=kn. 
664 R. Liu et al. / Linear Algebra and its Applications 431 (2009) 657–665
Fig. 5. Two classes of graphs in U∗(n, k).
By Lemma 3.5, the graph with the maximal spectral radius in U∗(n, k) is determined. Since for
1 k n − 4, the graphwith themaximal spectral radius inU∗(n, k) is also the graphwith theminimal
least eigenvalue in U(n, k), combining Lemma 3.1, the proof of Theorem 1.1 is completed.
From Lemmas 2.7 and 3.5, we can prove the following.
Theorem 3.6. Let 1 k < n − 4. Then λ(kn) > λ(k+1n ).
Proof. Since kn and k+1n are bipartite graphs, it sufﬁces to show that ρ(kn) < ρ(k+1n ). Since
k < n − 4, it follows that there exists a path Pl = v1v2 · · · vl attached to the root vertex v1 ofkn such
that l 3. Let U = kn − {vl−1vl} + {v1vl}. Then U ∈ U∗(n, k + 1). By Lemma 2.7, we have ρ(kn) <
ρ(U). By Lemma 3.5, we have ρ(U) < ρ(k+1n ). Hence ρ(kn) < ρ(k+1n ). 
As an immediate consequence of Theorems 3.6 and 1.1, we have the following Corollary 3.7, which
is the main result in [10].
Corollary 3.7. Let Un be the set of unicyclic graphs on n vertices. For any U ∈ Un and UΔn−3n , then
λ(n−4n ) λ(U),
the equality holds if and only if U ∼=n−4n .
Acknowledgments
The authors would like to thank the anonymous referees very much for valuable suggestions,
corrections and comments, which improve the original manuscript.
References
[1] F.K. Bell, D. Cvetkovic´, P. Rowlinson, S.K. Simic´, Graphs for which the least eigenvalue is minimal, I, Linear Algebra Appl.
429 (2008) 234–241.
[2] F.K. Bell, D. Cvetkovic´, P. Rowlinson, S.K. Simic´, Graphs for which the least eigenvalue is minimal, II, Linear Algebra Appl.
429 (2008) 2168–2179.
[3] D.M. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs, third ed., Johann Abrosius Barth-Verlag, 1995.
[4] Y.Z. Fan, Y. Wang, Y.B. Gao, Minimizing the least eigenvalue of unicyclic graphs with application to spectral spead, Linear
Algebra Appl. 429 (2008) 577–588.
R. Liu et al. / Linear Algebra and its Applications 431 (2009) 657–665 665
[5] S.G. Guo, The spectral radius of unicyclic and bicyclic graphs with n vertices and k pendant vertices, Linear Algebra Appl.
408 (2005) 78–85.
[6] A.J. Hoffman, J.H. Smith, in: Fiedler (Ed.), Recent Advances in Graph Theory, Academia Praha, New York, 1975, pp. 273–281.
[7] Y. Hong, J.L. Shu, Sharp lower bounds of the least eigenvalue of planar graphs, Linear Algebra Appl. 296 (1999) 227–232.
[8] Q. Li, K.Q. Feng, On the largest eigenvalues of graphs, Acta Math. Appl. Sin. 2 (1979) 167–175 (in Chinese).
[9] B.F. Wu, E.L. Xiao, Y. Hong, The spectral radius of trees on k pendent vertices, Linear Algebra Appl. 395 (2005) 343–349.
[10] G.H. Xu, Q.F. Xu, S.K. Wang, A sharp lower bound on the least eigenvalue of unicyclic graphs, J. Ninbo Univ. (NSEE) 16 (3)
(2003) 225–227 (in Chinese).
